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Abstract

In contrast to transverse nuclear magnetizations, longitudinal spin magnetizations are usually considered as insensitive to
magnetic field gradients. While this assumption is valid for homogeneously excited samples, the apparent longitudinal spin relax-
ation behavior of thin magnetization slices in high magnetic fields is strongly modified by diffusion. In this contribution, we present
the results of theoretical and experimental studies on this effect. Furthermore, possible applications and the impact on different types
of NMR techniques using strong magnetic field gradients are discussed.
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1. Introduction

The sensitivity of transverse nuclear spin magnetiza-
tions to magnetic field gradients has been known since
the early days of NMR. A quantitative description of
the interaction of a transverse nuclear spin magnetiza-
tion with a magnetic field gradient was already given by
Hahn in his report on the spin echo [1]. On the basis of
this effect, various protocols for measuring diffusion
coefficients have been developed [2-6] which are among
the most precise and detailed techniques for measuring
self-diffusion coefficients available today.

Longitudinal magnetizations, by contrast, are usually
considered to be insensitive to the action of magnetic
field gradients. The insensitivity of longitudinal magne-
tizations to magnetic field gradients is for example used
in the application of spoiler gradients [7] in multiquan-
tum NMR spectroscopy and many MRI techniques.

The combined effect of magnetic field gradients and
molecular motion on longitudinal magnetizations is
used in inflow—utflow and tagging techniques for flow-
encoding in MRI [8,9] and also several approaches to
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measuring diffusion by observing the diffusive decay of
a magnetization grid [10,11] were suggested. In non-
imaging experiments, the impact of diffusive motion in
magnetic field gradients on the longitudinal magneti-
zation is usually neglected. While this is appropriate in
homogeneously excited samples, considerable diffusion
effects can be observed in the presence of static mag-
netic field gradients in which the excitation of the
sample is typically restricted to a thin resonant slice
[12].

2. Magnetization recovery in thin excited sample slices

Irradiation of an RF pulse in the presence of a
magnetic field gradient leads to a selective excitation of
nuclear spins in the region of resonant Larmor fre-
quencies. The strength of the excitation at a point with a
given Larmor frequency corresponds to the amplitude of
the respective frequency in the RF pulse. The distribu-
tion of amplitude over frequency /(f) (and thus a cor-
responding spatial excitation profile P(x)) for an RF
pulse with maximal amplitude 4y and centre frequency

fo 1s determined by the Fourier transform of the enve-

lope A(t) of the pulse in the time domain.
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A rectangular pulse envelope therefore leads to a
sinc-shaped excitation profile in space, by contrast, a
sinc-shaped pulse envelope in time leads to a rectangular
profile in space. A Gaussian pulse shape in time leads to
a Gaussian excitation profile in space. The relationship
between pulse shapes and the resulting excitation pro-
files in space has been extensively studied in the context
of MRI [9,13].

First we consider a non-imaging experiment on a
spatially homogeneous sample with a uniform equilib-
rium magnetization, My. In the absence of motion, the
excited slice profile, P(x), has no influence in measuring
any magnetization-recovery process that can be
described by an expression of the form

M(x,) = My — AM(x)F(t)
= My — MyP(x)F(t) 2)

(with F(¢) denoting an arbitrary function of time, e.g.,
an exponential decay).

The magnetization recovery is measured in an ex-
periment of the type (excitation pulse)— (variable de-
lay) — (sampling pulse) — (detection of signal S(¢)). This
signal S(¢) measured after the sampling pulse is given as
the spatial average of (AM(x)F(t)P(x)), over the exci-
tation profile

= Mo(P(x)P(x)F (1)),

= Mo(P(x)P(x)) F (1)

= MyQF (1) (3)
with O = (P(x)P(x)), denoting a constant factor. This

even holds true if the slice profiles of the exciting pulse
and the sampling pulse are different.

This separation of the spatial and temporal effect is
not possible any more in the presence of motion. The
most important type of motion that has to be considered
in this case is (free) diffusion. Diffusion of the excited
molecules leads to a broadening and blurring of the
initially excited slice profile which is given as the solu-
tion of the diffusion equation

0C(x,1) C(x,1)

o b ox? “)
with  C(x,¢) = AM(x,t)/My  the
C(x,0) = P(x).

General methods for solving the diffusion equation
for arbitrary initial conditions are discussed, e.g., in the
book by Crank [14]. For most cases, the resulting ex-
pressions are analytically quite complicated. A simple
case is the temporal development of a Gaussian excita-
tion profile with the width 25 (variance b?). It can be
computed from the well-known solution for a ¢-shaped

initial  condition

initial concentration profile by introducing a time-shift
tp:

Clx, 1) 2 S ( x ) ()
X)) =——— S

2wt 5) P\ T 4D+ 1)
comparing 4Dt;, and 2b? at zero time, we find ¢, = b* /2D
or

C() ( xz )
Clx,t) =——==exp| ———— ). 6
w0 =5 T P\ b op (6)
Another relatively simple solution is that for an initially
rectangular excitation profile with the width 2b:

con-la(a(t8) m(3)) o

The development for both excitation profiles with
time is plotted in Fig. 1. Sampling of a diffusively
broadening excitation profile C(x,z) by an excitation
pulse with the profile P(x) at different times cannot be
described by a constant factor Q any more. Instead, the
spatial averaging of the signal has to be done anew
for each delay time and can be described by a balance
factor.

C(x,t)P(x)),
By = 1Cm0P), .

(P(x)P(x)),
C(x,t)P(x) is plotted for the longest diffusion time
along with the curves C(x, ) in the graphs in Fig. 1 (P(x)
is assumed to be identical to C(x,0) in the following

= = =t=1s
C(x,t)P(x), 1s
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Fig. 1. Diffusive spreading C(x,f) of excited magnetization after
selective excitation P(x) with a Gaussian (above) or a rectangular slice
profile. For the longest diffusion time, the magnetization still residing
available within the original slice profile is given, too (D=3 x
102 m2s ).
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discussion. This is the case for identical RF pulses for
excitation and sampling). Using the balance factor B(¢),
the magnetization-recovery curve takes the form

(M(1)), = Mo(1 — OB(1)F (1)) )
In Fig. 2, the factor B(¢) is plotted both for the
Gaussian and the rectangular slice profile and for two

different slice thicknesses. For the Gaussian excitation
profile (see Eq. (6)), B(¢) can be computed analytically:

X2 X2
fj; 24 /ngo(tﬂb) e 2\/f‘0D_’b e P dx
B(t) = 2
fjooo (2\/5;07%67@) d'x
B 1 B 1
T+ 124, 1+ Di/p?

Computation of B(¢) for a rectangular excited slice
profile (see Eq. (7)) is also possible; however, the re-
sulting expression cannot be simplified to elementary
functions as it is the case for the Gaussian profile. The
expression for B(¢) in the case of a rectangular profile is:

2v/Dt > b
B(t z—(eh/4D’—l)+erf<—>. 11
Q by/n 2V/Dt (1
If F(¢) is a simple exponential relaxation curve, the
magnetization-recovery curve with the diffusion-balance
correction term for a Gaussian profile takes a simple
analytical from:

(10)

exp(—t/T)
v/ 1+ Dt/b?

The corresponding magnetization curve is plotted for
several values of b in Fig. 3. In the same figure, also the
analytically more complicated magnetization curves for
a rectangular profile are given. Note the initially more

M(2), =Mo| 1 -0 (12)

— rectangular

=gaussian

B(f)
o
(4]

t [s]

Fig. 2. Examples for B(f) computed for a Gaussian and rectangular
slice profiles and assuming D = 3 x 10~°m?s~!. The lower two curves
correspond to a nominal slice thickness of 50 um, the upper two curves
to 100 pm. Note the initially faster decrease of B(¢) for the rectangular
profiles.
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Fig. 3. Calculated influence of diffusion on the magnetization-recovery
curves (D=3 x 10"m?s~!, T} = 3s). (A) Short-time behavior for
two different slice thicknesses. (B) Long-time behavior: After a diffu-
sion-dominated initial phase, the magnetization-recovery curves be-
come more and more exponential and dominated by relaxation. The
slope of the thin solid lines fitted by linear regression to the longtime
tail only deviates by about 10% from the “real” longitudinal relaxation
rate while the initial slope of the line fitted to the initial part of the
50 um curve is more than twice as high.

pronounced decay of the magnetization for the rectan-
gular slices compared to the Gaussian slices of the same
nominal thickness. The fast initial decay of the magne-
tization in a rectangular slice profile cannot be approx-
imated by an exponential decay as it is possible for the
Gaussian slice profile. Comparing the signal decay at
longer times, the slopes of the curves become more and
more similar. The decreasing influence of the diffusion
effect at long magnetization-recovery times can be ex-
pected as the mean diffusive shift only grows with the
square root of time. Therefore, longitudinal relaxation
with the bulk relaxation rate prevails for long magneti-
zation-recovery times.

For ¢ < b?/D, this expression can be simplified even
more by means of a Taylor expansion:
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In(My — (M(1)),) = In(QB(1)e™'™)
Q0+ (B(t) —Ttl)

~InQ+ <L dB(t))

B(t) dt )|_, T
D t t
ng 2b? T t Tipife
(13)
with Tip;r denoting an effective relaxation time given as
1 1 D

=—4+—. 14
Tipig T +2bz (14)

It can be easily shown that even for ¢ = 0.5b%/D,
the relative error of B(z) and the Taylor expansion is
only 10%. For simple liquids with diffusion coefficients
on the order of 10"m?s~! and excited slice thick-
nesses on the order of magnitude of 100 um, 0.56%/D is
on the order of several 100ms and so the experimen-
tally observable magnetization-recovery curves exhibit
a nearly exponential behavior (see Fig. 4 and Table 1).
A similar Taylor expansion for the case of a rectan-
gular slice profile is not possible as the expression for
B(t) (see Eq. (11)) in this case exhibits a diverging
slope for ¢t = 0.
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Fig. 4. Calculated magnetization-recovery curves for a Gaussian slice
profile (assuming again D =3 x 107 m?s~!, 7} = 3s). The thin solid
lines represent single exponential curves fitted by linear regression to
the calculated curves. Except for the thinnest slice thickness, all
magnetization-recovery curves exhibit only minor deviations from
exponential behavior. The “relaxation times” determined from the
slope of the respective curves (see Table 1) differ by more than a
factor of 2.

Table 1
Relaxation times Tipir determined in fits on the calculated data of
Fig. 4

b (mm) 0.05 0.075 0.1 0.15 0.2 0.3

3. Materials and methods

Slice-selective magnetization-recovery experiments
were performed in a superconducting gradient magnet
dedicated for static field gradient diffusometry [15]. The
experiments were conducted at a proton resonance fre-
quency of 99.55MHz. In the magnet used in the ex-
periments, the magnetic field corresponding to this
resonance frequency is available at two different posi-
tions with static local magnetic field gradients of 161 and
59 Tm™!, respectively. (The gradient was calibrated in
Hahn echo experiments on the water sample using the
diffusion coefficient data provided in [16].)

The probehead used in the experiments was equipped
with a horizontally oriented solenoidal coil with six
windings in which the samples were inserted in 5mm
sealed glass tubes with a length of about 25mm. The
probehead was housed in an Oxford CFG-1200 evapo-
ration cryostat system that allows experiments in a
temperature range of 100-620 K when used with liquid
nitrogen.

In order to ensure constant excitation profiles in all
pulses, we used the very simple pulse sequence depicted
in Fig. 5 for measuring 7;. The magnetization-recovery
delay ¢ between the first two a-pulses was varied in 40-60
steps from some milliseconds to several seconds. Using
the same pulse width for excitation and for the readout
of the recovered magnetization ensures identical profiles
of both pulses which keeps interpretation of the data as
simple as possible. The third a-pulse is used to generate
an echo at 7 + 2t by which M (¢) is measured. Measuring
the FID directly after the second pulse was not possible
due to the very short 7 resulting from the strong gra-
dient and the receiver dead time. The echoes were ac-
quired in quadrature detection and after correction of
possible offsets, the absolute value of M(¢) was deter-
mined. For this data evaluation procedure, a python [17]
script was used.

The samples used in our experiments were
e Ordinary dematerialized water (at 298 and 360 K),

e PDMS with a molecular weight of 17,000 Da.

The amplitude profile of the RF pulses used in the
experiments was roughly rectangular in time. Such an
RF pulse leads of course neither to a Gaussian nor to a
rectangular excitation profile but to a sinc-shaped.
However, comparing the central region of a sinc profile

a o a
|_ t
Fig. 5. Echo-detected saturation-recovery sequence used for slice-se-
lective relaxation time measurement in a static magnetic field gradient.

The pulse angle o was determined from maximizing the signal intensity
in a spin-echo experiment.
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Fig. 6. Approximation of the central peak of a sinc function by a
Gaussian.

with a Gaussian profile, it can be computed that the
sinc-profile P(x) = % can be approximated quite well
by a Gaussian profile with a slice thickness b = ¢/a with
¢ = 1.532 (see Fig. 6). The width of the Gaussian was
determined by minimizing the integral of the square of
the distance between the two curves over the interval

[-m/a, nt/a] numerically in MAPLE.

4. Results and discussion

In Fig. 7, the experimentally recorded magnetization-
recovery curves obtained with the pulse sequence sket-
ched in Fig. 5 are given for various slice thicknesses
(achieved by varying the duration of the a-pulse and
correspondingly the power level of the RF transmitter).
The observed magnetization-recovery behavior follows
the expectations on the basis of the theoretical model for

¢ 260 um
0.5 ® 122 ym
0 ¢ 60 um

In(<-M,-M(t)>)

tis

Fig. 7. Experimentally observed magnetization-recovery curves of a
water sample (77 = 2.95s) at 298 K and different pulse lengths. For the
data obtained at pulse lengths 6.5 and 12.8 ps, a linear fit (dashed line)
and a fit according to Eq. (12) (full line) are given, too.

a Gaussian slice profile. Due to the very low signal in-
tensity (and corresponding poor signal/noise ratio) as-
sociated with the smallest slice thickness, a fully
quantitative evaluation of the curves on the basis of an
unrestricted fit of Eq. (12) to the data is problematic.
Similarly, the deviations from a monoexponential decay
are only minor for the two shortest pulse lengths so that
fitting these curves with a non-exponential model also
proved numerically unstable.

Analyzing the initial slope of the magnetization-re-
covery curves is feasible for all curves as the corre-
sponding regression analysis is numerically more stable.
The results of these fits are plotted in Fig. 8. In the same
figure, also a fit of the linear relationship derived in Eq.
(14) is given. From the slope of the curve, a diffusion
coefficient of (3.03+0.09) x 10°m?s~! was deter-
mined. This diffusion coefficient is in a reasonable order
of magnitude but nevertheless about 25% higher than
good reference values from literature [16]. A possible
explanation for the overestimate of the diffusion coeffi-
cient is a slight overestimation of the experimental slice
thicknesses due to the approximation of the slice profiles
(as there is a dependence on the square of the slice
thickness, already a 12% overestimate would be suffi-
cient for the observed deviation).

To further corroborate the results reported here, ad-
ditional experiments were conducted with the water
sample at elevated temperatures (where the diffusion ef-
fect is even more dominant due to longer longitudinal
relaxation times and higher diffusion coefficients) and in
the stronger gradient (with even thinner slice thicknesses
at the same pulse angle). In all cases, the experimental
data were in reasonable agreement to the Gaussian slice
model. Further control experiments were conducted in a
homogeneous magnetic field at the same resonance fre-
quency where no decrease of the apparent longitudinal
relaxation time could be observed. Similarly, additional
experiments on a high molecular weight PDMS melt

1Ty pi [1/8]

0 T T T T 1
0 1E+09 2E+09 3E+09 4E+09 5E+09

1/b% [1/m?]

Fig. 8. Effective longitudinal relaxation rates 1/7Tjpjr determined from
the initial slopes of the magnetization-recovery curves given in Fig. 7.
The linear fit (over six data points) according to the linear relationship
in Eq. (14) leads to a diffusion coefficient of D = (3.03 +0.09) x
10 m?s~!, a longitudinal relaxation time 7} in absence of diffusion of
(2.974+0.23) s and a correlation coefficient of 0.9996.
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(D=2.0x10""?m?s™! according to a stimulated echo
SFG diffusion measurement, 77 = 1s) placed in the gra-
dient magnet did not show a significant influence of the
slice thickness on the measured longitudinal relaxation
time. This again is expected on the basis of our theory.

5. Implications for slice-selective NIMR experiments

Many NMR experiments involve slice-selective exci-
tation of magnetization. In addition to all variants of
conventional magnetic resonance imaging, this is also
the case for most suggested schemes in mechanically
detected magnetic resonance [18,19] and for static field
gradient NMR diffusometry [5].

In the following, we want to review the possible im-
pact of the effects presented in this paper on the different
experiments described here:

In static field gradient (SFG) NMR diffusometry, a
stimulated echo sequence or a 5-pulse sequence (for
compensation of possible transverse relaxation effects,
see, e.g. [8]) are applied. The time interval T between the
first and the second 90°-pulse of the stimulated echo is
much shorter than the period ¢p in which the spin
magnetization is stored in longitudinal orientation be-
fore initiating the stimulated echo with the third pulse.
The excited slice of the sample is typically quite thin (on
the order of several 100 um) as a higher excitation
bandwidth cannot be realized in the strong static mag-
netic field gradients. While there are in principle diffu-
sive balancing effects in all three time intervals of the
stimulated echo, the diffusion balance during the 7 in-
tervals can be neglected under typical SFG diffusometry
conditions. In the much longer time interval ¢, between
the second and the third pulse this is not the case. Here, the
magnetization available for formation of the stimulated
echo will decrease with the same additional factor B(zp)
which also describes the loss of magnetization due to
diffusion balance effects in the saturation-recovery ex-
periment. The overall signal attenuation is then given as:

S(z,tp) = A?e’&f/TZ“D/T‘)B(tD)e’“"ZGZDTS (3+2). (15)

As the time interval between the second and the third
pulse is typically kept constant during an SFG experi-
ment in order to achieve a well-defined diffusion time,
the influence of this balancing is the same for all T values
used in the experiment and B(#p) only leads to a re-
duction in the available signal amplitude but does not
affect the determination of the diffusion coefficient. In
the case of an experiment where #p is varied, B(¢p) is not
a constant factor any more and may need to be con-
sidered in evaluating the diffusion coefficient. In a mul-
ticomponent system, B(#p) leads to different weighting
of the individual components in the average diffusion
coefficient determined in the SFG experiment. Fast-

diffusion components will be weighted lower with in-
creasing diffusion time ¢p in this case.

The best way to minimize diffusion balance effects in
an SFG experiment is to excite as thick sample slices as
possible (which is of course done anyway for signal/
noise considerations); nevertheless it seems indicated to
take the effect into account as a possible source of dif-
ficulties in SFG experiments.

The situation in MRI experiments is different from
SFG: Here, this excited sample slices are not the result
of bandwidth limitations but experimentally intended in
order to achieve a high spatial resolution. This is espe-
cially the case in magnetic resonance microscopy. The
role of in-plane diffusion effects as a limiting factor in
spatial resolution has been carefully analyzed by various
authors [13,20]. Possible diffusion effects on longitudinal
magnetization have not received much attention up to
now. However, we find diffusion-induced changes in the
apparent longitudinal relaxation behavior of water in
excited slices on the order of several 100 um. Such slice
thicknesses are quite typical in state-of-the-art NMR
microscopy and even thinner slices have been used in
STRAFT [21,22]. Therefore, effects of diffusion on T}
contrast in NMR microscopy may need to be considered
for samples in which free long-range diffusion of water is
possible. In a sample with spatially varying diffusion
properties, this effect leads to a superposition of diffusive
effects with 77 contrast. The extent to which this may
happen does not only depend on slice thickness, diffu-
sion coefficient, and 7} but also on the way the 7} con-
trast is implemented in the imaging protocol: As the
same slice is excited cyclically in most imaging se-
quences, we can expect a smaller impact of diffusion
than the one calculated here as there is partially excited
magnetization from earlier excitation cycles outside the
slice that may diffuse back during later cycles. The
shorter the repetition time in the experiment is, the more
will such “old” magnetization will influence the balance
factor. The resulting steady state of magnetization dis-
tribution inside and outside the excited slice and the
kinetics of approaching this stage will be explored in
more detail in a separate paper.

Imaging much thinner slices than in conventional
MRI may be realized by mechanically detected NMR
(magnetic resonance force microscopy, MRFM) in the
future [18,19]. Here, diffusion effects will be even more
prominent. Estimating the apparent longitudinal relax-
ation time of water (7} = 3s, D =2.3 x 10 m?s~!) for
a 1 pm Gaussian sample slice on the basis of Eq. (14), we
find a value of 0.87ms! On the one hand, such a fast
magnetization recovery in a thin excited slice may open
up possibilities for new magnetization modulation
schemes that could not be applied on the basis of the
typical bulk relaxation times. On the other hand, a
dominance of diffusion effects over the well-known bulk
relaxation time values would complicate the interpreta-
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tion of image contrasts obtained under such conditions.
However, as already discussed in the context of con-
ventional MRI, we must take into account the fact that
magnetization modulation schemes in mechanically de-
tected NMR involve cyclic excitations (possibly with
repetition times in the sub-ms range) and so again the
steady state of the magnetization must be analyzed.
Furthermore, MRFM will be especially attractive for
thin samples so that even the geometrical restriction of
magnetization diffusion on the physical boundaries of
the sample must be considered in a full analysis of this
problem, too.

Comparing the performance of the diffusion mea-
surement via the slice-thickness dependence of the ap-
parent longitudinal relaxation time to other approaches
in NMR diffusometry, there is no obvious case in which
this effect offers advantages over the established ap-
proaches. However, considering the very thin slices
achievable in mechanically detected NMR, the effect
may offer an attractive option for diffusometry on the
pm (or even sub-pum) scale in thin sample layers or
nanofluidic systems. Furthermore, the effect should be
considered as a possible source of systematical experi-
mental errors when measuring longitudinal relaxation
times in inhomogeneous magnetic fields.
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